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^ ■ We generalize the Lagrangian of A^ = 1 supergravity (SUGRA) by 

^' using an arbitrary parameter ^, which corresponds to the inverse of Bar- 

I . hero's parameter (3. This generahzed Lagrangian involves the chiral one 

bj;)! as a special case of the value C, = ±^. We show that the generalized 

Lagrangian gives the canonical formulation of A = 1 SUGRA with the 

real Ashtekar variable after the 3+1 decomposition of spacetime. This 

canonical formulation is also derived from those of the usual A = 1 

SUGRA by performing Barbero's type canonical transformation with an 

arbitrary parameter (3 (= ^~^)- We give some comments on the canonical 

formulation of the theory. 
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A very simple, polynomial form of Hamiltonian constraint in canonical formu- 
lation of general relativity is obtained by using the complex Ashtekar's connection 
variable [^. However, it is difficult to deal with the reality condition especially at 
quantum level, which must be imposed in order to select the physical, Lorentzian 
theory ||^. A possible way to solve this problem of the reality condition was pro- 
posed by Barbero [§ using the real-valued Ashtekar variable, although one must 
discard the polynomiality of the Hamiltonian constraint in the Lorentzian sector. 

The advantage of the formulation with the real Ashtekar variable in pure gravity 
is that it provides a mathematically rigorous kinematical framework in the context 
of diffeomorphism invariant quantization with the Gauss and vector constraints be- 
ing satisfied [Q. Furthermore, Thiemann has recently succeeded in constructing a 
quantum Hamiltonian constraint operator which is mathematically well-defined in 
the Lorentzian sector |^. 

Canonical formulation of general relativity with the real Ashtekar variable has 
been made starting from the generalized Einstein-Cartan (EC) action [^]. Q In 
this paper we extend the action to include spinor matter fields, and then derive 
the canonical formulation of A^ = 1 supergravity (SUGRA) with the real Ashtekar 
variable. 

We begin with briefiy reviewing the generalization of the EC Lagrangian 0. 
We denote the tetrad field as e* , from which the metric field g^i, is constructed via 
g^lu = Vij^^fi^i- Q '^^^ Lorentz connection Aj^^ is treated as independent variable 

in the EC Lagrangian. Then the generalized EC Lagrangian density, which derives 

^ In Ref. this generalized action is called the generalized Hilbert-Palatini action, which cor- 
responds to the generalization of the tetrad form of the Palatini action. 

^ Greek letters ^, z^, • • ■ are spacetime indices, and Latin letters i, j, ■ ■ ■ are local Lorentz indices. 
We denote the Minkowski metric by r/ij — diag(— 1, +1, +1, +1). The totally antisymmetric tensor 
eijki is normalized as £0123 = +1- We define e^iypo- and e^'''"^ as tensor densities which take values 
of +1 or -1. 



Barbero's results using the real Aslitekar variable, takes the form 

lic = \ efe^^ (r'\. - \e'\iBi'\^ , (1) 

where e = det(e* ) and R\v is the curvature tensor with respect to the Lorentz 
connection Aijy,. Here a complex parameter ^ is introduced in (|l]) in order to cover 
various types of the canonical formulation of general relativity: Indeed, for ^ = 0, 
Eq.(P is simply the EC Lagrangian which leads to the ADM canonical formulation. 
For ^ = +2 (— "i), only the self-dual (antiself-dual) part of the curvature contributes 
to the Lagrangian density (0). Q In this case the complex (anti) self-dual connection 
Jv^jl^ is regarded as an independent variable and then Eq.(|ID leads to Ashtekar's 
canonical formulation after the 3+1 decomposition of spacetime. On the other hand, 
the canonical formulation using the real Ashtekar variable is derived by putting ^ 
to be real. Q 

Such a generalization of the EC Lagrangian as given by (|l|) does not affect the 
field equation for the tetrad in the second-order formalism [^. In order to see this, 
it is convenient to introduce the variable 

which reduces to J\\^'^ for ^ = ±1 Note that (Q) can be solved with respect to Aij^ 
unless ^ = ±i. Since the variation of (|l|) with respect to A^j^ can be written as 

^Cg = -2 D^{e ef ej) bB'\, (3) 

^ The parameter ^ is same as the parameter a of ||6| and corresponds to the inverse of Barbero's 
parameter /3 as stated in [||. 

^ We denote the self-dual and antiself-dual part of a antisymmetric tensor F^ as F\- ' which 

satisfies (l/2)e,/'i^^f ^ = ^'^'^IT ■ 

^ Immirzi pointed out |Q that the Barbero's parameter /? (= ^~^) appears as a free (real) 
parameter in the quantum spectrum of such geometrical quantities as length, area and volume. 
Therefore the parameter /3 is also known as the Immirzi parameter. 



we get the field equation for Aij^, f\ 

D,{e ef e^) = (4) 

witli Dfj^ being tlie covariant derivative witli respect to local Lorentz indices. The 
equation (^ is the same as that obtained from the EC Lagrangian, and can be 
solved to show that the Aij^ is given by the Ricci rotation coefficient Aij^{e). Thus, 
in the second-order formalism, the second term in (|l]) vanishes because of the Bianchi 
identity. This situation is just the same as in the case ^ = ±2 0, and therefore (^ 
is reduced to the ordinary Hilbert-Einstein Lagrangian of the tetrad form. 

Let us now try to introduce a (Majorana) Rarita-Schwinger field in the manner 
consistent with the above generalization of the EC Lagrangian. For this purpose, 
following the construction of the chiral Lagrangian of matter fields 0, we add a 
total divergence term with an arbitrary complex parameter t] to the ordinary La- 
grangian of a (Majorana) Rarita-Schwinger field in flat space, and take the flat-space 
Lagrangian as 

Lrs = L«s(ordinary) + '- r] 9,,(e"'^^'^?,7pV'.) = e'^""" V^^757p^^|^5<xV^.- (5) 

Then we apply the minimal prescription for (|^) replacing the ordinary derivative by 
the covariant derivative [] 

D, = d,+ '-A,,S^\ (6) 

and define the generalized Lagrangian density of a (Majorana) Rarita-Schwinger 
field in curved space by 



^ The antisymmetrization of a tensor with respect to i and j is denoted by ^[i...j] '■— (1/2) (^i...j - 
Aj...i)- 

'^In our convention the Lorentz generator Sij = {i/4)[yi,'yj] and {7i,7j} = —2rjij. 



Notice that the right-hand side of (|^ agrees with the chiral Lagrangian density of 
a (Majorana) Rarita-Schwinger field when rj = ±i. 

We define the Lagrangian density C by the sum of (|l|) and (0), 

C:=Cg + Crs, (8) 

and we require the C to reduce to the Lagrangian density of the usual A^ = 1 SUGRA 
in the second-order formalism. Varying the C with respect to Bij^, we obtain 

D,{e ef e^]) = ^^ X,/ + ^^^ 6,/'X,,^ (9) 

where Xij^ is a tensor density defined by 






= '-e'-"'" ^.l.lAAa. (10) 

If we substitute the solution of (§) with respect to Aij^^ into C, then its torsion part 
gives four-fermion contact terms, which coincide with the contact terms of the usual 
N = 1 SUGRA if we choose f] = ^: In fact, we obtain 



^ 

£(second order) = Cn=i usual suGRA(second order) + t ^ d^{e'"''"'i:^-fpi:„) (11) 



by means of the (Fierz) identity e'^'^'^'^ [ip '-fitpu)Y'ip p = 0. On the other hand, iirj ^ C,, 
these parameters survive in the contact terms as is seen from (|^). Thus we shall 
assume that f] = ^ henceforth. 



The divergence term of (|ll|) is just the Chcrn-Simons type boundary term, which generates 
the chiral SUGRA 'on shell' for ^ = ±i 0, [ill. 



The generalized Lagrangian density of A^ = 1 SUGRA in first-order form is now 
given by 

L = ^efej (r^^,, - yhiR'',u] + e'^^^^ ?^757p^^|^^.^., (12) 

which is reduced to the Lagrangian density of A^ = 1 chiral SUGRA for ^ = ±2. In 
case of the non-chiral theory with C, y^ ±^, the Lagrangian density of ( jT^ ) is invariant 
under the following first-order (i.e. 'off-shell') SUSY transformations generated by 
a Majorana spinor parameter a; namely, 

6ij^ = D^a, (13) 

K = if ^Vm> (14) 

1 m 

where we define C^'^'^ as 

C^'-" := e-ie^^'"^a ^^^^Lz^d,^^. (16) 

The transformations of ( |I3D and (|l^) are the same as those of the usual A^ = 1 
SUGRA, whereas Eq.(|15]) differs from the usual one, since C^^'^ depends on the 
parameter C,- The form of (|15[), however, is easily read from the usual one if we note 

the relation 

1 — ^£t^ 

- Aij^S = Bij^S (17) 

in the covariant derivative D^tp^, of ([l2|) . In case of the chiral theory, however, 
the situation is slightly different: For example, when ^ = +i, Eg . ([T5|) becomes the 



transformation of A\j^, i.e. (5Sjj^ k=+«= ^^ijii^ while A\j^ which appears in (ITsD is 



not an independent variable but a quantity given by e* and ipfi ^3 IH 



The generalized Lagrangian ( ]T2| ) allows us to construct a canonical formulation 
of A^ = 1 SUGRA in terms of the real Ashtekar variable. Let us derive this by means 
of the Legendre transform of (jT^) using the (3+1) decomposition of spacetime. For 
this purpose we assume that the topology of spacetime M is S x i? for some three- 
manifold S so that a time coordinate function t is defined on M. Then the time 
component of the tetrad can be defined as 

el = Nn' + N^el (18) 

Here n* is the timelike unit vector orthogonal to Cja, i-e. n^Cia = and n^rii = 
—1, while A^ and A^'* denote the lapse function and the shift vector, respectively. 
Furthermore, we give a restriction on the tetrad with the choice rii = (—1,0,0,0) 
in order to simplify the Legendre transform of (|12|). Once this choice is made, eja 
becomes tangent to the constant t surfaces S and Coa = 0. Therefore we change 
the notation e/a to Eja below. We also take the spatial restriction of the totally 
antisymmetric tensor e^'^^'^ as e"''"^ := ej"''^, while e^'^^ := e^^^^ . 



Under the above gauge condition of the tetrad, the (3+1) decomposition of ( |12| ) 
yields 

+ ^tl5laDb^c - ^bl5lcDa^t) (19) 

with 7t = ej7i = A^7o + N'^'ja and 7a = E^'jj. In (||), Z)^ is defined by 

D, := ^^^D„ (20) 



^Latin letters a,b,- ■ ■ are the spatial part of the spacetime indices /i, i^, • • •, and capital letters 
/, J, ■ ■ ■ denote the spatial part of the local Lorentz indices i, j, • • • . 



and also the quantity, R''\u '■= (1/2){-R*"'/j!/ — (C/2)e*-^H-R'^V'^}' i^ decomposed as 

+ Aro[tA%,] + A,M[iA^^,]), (21) 

+ ^/0[b^ Jc] + ^/M[6^ Jc]), (22) 

+ ^e^'^'idikAoic] + AoM[i>A''i,]). (23) 

The time derivative of the connection appears only in (^) and has the form of 
dt{AQ^c — {C,/2)e''^^Ajjc} !§]. Thus it is convenient to introduce the following 
variables 

-B'.:=V.-f.'-A..,. (24) 

+B', := A„'^ + I ('''•' AjK,, (25) 

the inverses of which are given by 

Aoia = ^i-Bja + ^Bja), (26) 

Aija = -^ euKi-B"", - +5^J. (27) 



Using (^6]) and (PTQ , the covariant derivative D^ of (|20|) and the decomposition of 



the curvature, (^ID -(p3D, are written in terms of B\ and ~^B\ as 

^a = ^ {da+^ B a ' B a I5S0I } , (2^ 



and 



^-.^-i^rB^.ia. V.-i.-^„, 



+ e"^Ao,, (^^-Bjc + ^^"-B^ - W't-Bj^, (29) 



4^ 4^ 7 2 



oOiC _ /) - R^ I ^^ "^JJK- R - R I ^ ^^ JJK- R + R 



+ ^e^^^+i?/[fe+fi.e], (30) 






-K fee — e C[fe ^ — i^/c] H ^7^ -D/e] H TT^ — n [b n c 



+ ^-i?^^[."i?"'c] - ^^5^[fe+5^]. (31) 

Then we see from ( p9D that ~B\ is the dynamical variable, and that the kinetic 
terms in (^) are given by 

- E^ dt-B\ - e-'^ to7c ^~^'^^' dti^a. (32) 

where we have used the identity 

E'i := EE'i = ]^e'''"^ei.jKEtE^ (33) 

with E being defined by i^^ = det(£'f). On the other hand, the nondynamical 
variables in (|T^ are Aqu, Ajjt and '^B^ a in addition to the lapse function A^ and 
the shift vector A^**. 

For A^ = 1 chiral SUGRA with ^ = ±i, the variable ~^B\ does not appear in 
(|28| ) - (|3l|) , and (1 — ■j^75)/2 in (^) becomes (1 ±75)72 which generates only the right- 
or left-handed spinor field. The dynamical variable ~B^a becomes the Ashtekar's 
one, i.e. -B\ k=±^= ^^M^,. 

In case of the non-chiral theory with ^ 7^ ±i, the constraint corresponding to 
the nondynamical variable '^B\ appears in addition to the constraints obtained by 



varying L with respect to Ao/t, A/jt; namely, 



^" ^= S^ = "• (35) 

P''' ■■= 4^ = ^- (36) 

The spatial restriction of the Lorentz connection, A/j^, is determined from only 
these three constraints: In order to show this, we notice that Ajja is identically 
expressed as 

Aija = Ajja{E, ^) + -^{MjjK - 2Mk[ij] + 26k[iMj]), (37) 



where we define 









and 






MuK- 


= E'i,Mij,, Mr. 


= eiM,,\ 


In (1^ Aija{E,ip) denotes 







(38) 



(39) 



Aija{E, ^) := Aija{E) + Kija (40) 

with Aija{E) being the spatial restriction of the Ricci rotation coefficients y4jj^(e), 
while njja being defined as 



Kjja := -{E',E^jE^,lj,^K^, + E\^,^j^a - E'jij.^M, (41) 



nJ, ^■ 



which leads to 

Ki[ba] ■■= E(^Kija] = -^VbT/V'a- (42) 
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If we compare ( |38D with Eqs.(p^)-(p6|), we can show 

MuK= ^^E^e''''^PM\ (43) 



M:^ ^ 



- ("p/ - \eijKP''''\ + -^^N'^Ei {Pj/ + ieijKPK' 



e + 

+ I^^ae/JK+P^^ (44) 

Thus the constraints give 

Aija = Ajja{E,^). (45) 

By virtue of (p^ and (pS]), the nondynaniical variable """-B^a is now expressed by 
using the dynamical variables as 

= -B\-2ST\, (46) 

where the 5*0(3) spin connection, F^a, is given by 

T\:= -^e''''AjUE,i^) 

= T\iE)-'- 6"^ {e'jE^j, ^,7„V'c + 2E'} i^.^K^a) (47) 

with the spatial Levi-Civita spin connection f \{E) = {—l/2)e^'^^EjhVaE^. 

We shall now eliminate the nondynamical variable '^B\ from the Lagrangian 
density £ of (plQl). The coefficients of Aq^ and Ajjt, which are denoted by P^* and 
piJt^ respectively, are given by 

P^* = - daE'^ + e''^ {^^'Ej, + ^^^Bj)j E'k 

+ le'-'^ V^,757^^/lzii2:iV'a, (48) 

P"' = y^^^iOM + C'eKMN-B'\E'"^ - r'e'^'^ ^^j^SoK^-^^a), (49) 

11 



and therefore they satisfy P/* = ^ ^ijkP^^^ by virtue of (^). Then we obtain 

A^nP'' + AjjtP''' = ^A' (-VaE'i - C'e^"'^ AlcSoi ^ ~ '^^^' i^a) , (50) 

where A^ is defined by A^ := ^Aqu + {l/2)eijKA'^^t, and the covariant derivative is 
denoted as 

-VaE'} := daE'} + C'euK-B\E''\ (51) 

As for the coefficients of N , N"- and ipt, they are obtained by the straightforward 
calculation. 

Consequently, the Lagrangian density C is written as 

+ iX'gi + N'^Va + Nn + iJtS (52) 

up to boundary terms. In (l5^), A^, N°',N and ipt are Lagrange multipliers, while 



gi,Va,'H and S are the constraints corresponding to these Lagrange multipliers, 
which read as follows: 

+ '-^^^e'"^' V^,7o^c K[,a] = 0, (54) 

n := E-h''''E'}E'} {^FKab - (1 + e)RKab} 

+ '-^^^p-e""'' ^ali^c K\ = 0, (55) 

S := -e'^'''=757a^^^-A^c + ^—^-V^{e^''^j,j,i;^) 

+ '^^t^'^ g"%^c i^6a = (56) 

12 



with Kba being given by K^a = E^Kja := ElAoja- In Eqs.(^4|)-(^) the covariant 
derivative ~T>a acts on tpi, as 

-Va^jJb := da^jJb + r^'B^^^Soi iJb, (57) 

and the curvature tensors are defined by 

Rlab '■= d[aTib] + -eiJK^ [aT b], (5^ 



Flab := dia-B,b] + ^r'^iJK-B'ia-B^b]- (59) 

Note that in the vector constraint of (0) we have omitted a term proportional to 
the Gauss constraint of (^). 

We shall give some comments on the canonical formulation described by (^). 
Firstly, let us give the relation of the dynamical variable ~B^a to Barbero's or 
Ashtekar's one. The dynamical variable ~B\ is written as 

-B\ = Ao'a - I e'^^'AjKa = K\ + ^r\. (60) 



This means that the canonical formulation based on the Lagrangian density ( p2D 
is obtained from the usual A^ = 1 SUGRA by the canonical transformation (|5D|). 
Therefore the ~B^a is related to Barbero's dynamical variable, ^'"^"^A^a = ^' a + l3K^a, 
which now includes the torsion part, by 

-^/^^^Bar^/^ With e = /?"'• (61) 

For the chiral case with ^ = ±i, the dynamical variable ~B\ becomes Ashtekar's 
one; namely, 

-B\ |5=±,= K\ ± tT\ = ^^M^a. (62) 

13 



Secondly, we focus our attention on those terms proportional to (1 + ^^) in 
Eqs.(E3)-(EB|) which violate parity operation. As for those of (|S3) and (BB), the 



antisymmetric part of K^a is given by 

K[ba] = E[^I^OIa] = -^ V'bTO^a (63) 

by virtue of the Gauss constraint (^31) . Then we can show that the terms propor- 
tional to (1+^^) are canceled by other parity- violating terms in ( ^4|) and (|56|) . As for 
(|55|) , on the other hand, if the Kf,a is given by the 'on-shell' expression (namely, that 
in the second-order formalism) as a sum of the extrinsic curvature and quadratic 
terms of ipa, then we can also show that four-fermion contact terms in the last term 
of ( p5D are canceled by other parity-violating terms. In case of the chiral theory 
with C, = ±^, however, those terms proportional to (1 -|- ^'^) do not appear in the 
constraints, which is one of the advantages in the Ashtekar formulation of A^ = 1 
SUGRA. 

The final comment is concerned with the dynamical variable ipa and its conjugate 
momentum. From ( |5^ the conjugate momentum of tpa is given by 

-'■■=^ = -.°'"te7.^. (64) 

However, Eq. (|6^ leads to the second-class constraint 

A°:=7r° + e°''^to7c ^~'^^' = (65) 



unless C, = ±^- Therefore, in case of the non-chiral theory, we must compute the 
Dirac brackets among the basic field variables in order to eliminate A" as in the 
usual A^ = 1 SUGRA |l^, |16|. Moreover, if we try to make the Dirac bracket of 
{^B^ai4'b), OT of {~B^ ai ~B'^f,) vauish, we will have to change the form of ~B\. 

14 



Recently, Thiemann has proposed the Lorentzian Hamiltonian constraint of spin- 
1/2 fields, in which the fermions is treated as half-densities [IT^. For spin-3/2 fields. 



a similar approach is to take the weighted tetrad component, 0/ := E^^'^Ej ipa, as a 
basic field variable [|T^]. As preliminaly, the canonical transformation 

- B\:=K\ + ^r \{E) (66) 

o 

has been considered [0, where T a{E) is the spatial Levi-Civita spin connection 
defined in (^7]). Contratry to the case of spin-1/2 fields, however, it has been found 
that the form oi ~ B a niust be changed in order to make the Dirac bracket of 
(" B \, ipb), or of (" B\,' B -^b) vanish. 

To summarize, in this paper we have generalized the Lagrangian of A^ = 1 
SUGRA by using an arbitrary parameter ^ as the extension of the pure-gravity 
case 0. This generalized Lagrangian gives the canonical formulation with the real 
Ashtekar variable after the 3+1 decomposition of spacetime. The constraints in this 
formulation are also derived from those of the usual A^ = 1 SUGRA by performing 
Barbero's type canonical transformation with an arbitrary parameter j3 (= ^^^). In 
particular, for ^ = ±2, the formulation of this paper is equivalent with the chiral 
one |]T2|]. The detailed analysis for canonical quantization of A^ = 1 SUGRA with 



the real Ashtekar variable needs future investigation. 
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